We consider dynamics of in nite-modal maps on an interval, as a model for di erential equations with saddle-focus homoclinic orbits. We study the existence of periodic and strange attractors for these in nite-modal maps.
Introduction
The saddle-focus homoclinic orbit provides a central example of chaotic dynamics in three dimensional vector elds. The striking complexity of the dynamics near a saddle-focus homoclinic orbit was discovered and investigated by Shil'nikov, see Shi65, OvsShi87] .
Let X be the set of smooth vector elds X on IR 3 with the following properties.
X has a hyperbolic singularity p, so that DX(p) has eigenvalues u > 0, and s i! s with s < 0.
X has a homoclinic orbit ?: ?(t) ! p as t ! 1. s + u > 0 and 2 s + u < 0.
The eigenvalue condition 2 s + u < 0 is equivalent to the divergence of X at the equilibrium being negative. This implies that the rst return map on a small cross section will be dissipative. In Shi65], Shil'nikov established the existence of countably many horseshoes in any neighborhood of ? (the condition 2 s + u < 0 is not needed for this result). The dynamics near ? is in general not hyperbolic:
De nition 1.1 Consider a vector eld X 2 X in a small tubular neighborhood of ?. A k-periodic orbit of X is a periodic orbit that makes k rounds in U. Theorem 1.2 OvsShi87, OvsShi92] For each > 0, the set of vector elds in X that have an attracting 2-periodic orbit in an -neighborhood of ?, is open and dense in X. The set of vector elds that possess in nitely many attracting 2-periodic orbits in an -neighborhood of ?, is dense in X. The set of vector elds that have an orbit of homoclinic tangency to a hyperbolic periodic orbit in an -neighborhood of ?, is dense in X.
For bifurcation results, see GonTurGasNic97]. We will explain these results from a study of in nite-modal maps on an interval. Moreover, we will prove additional results for such one-dimensional maps related to the occurrence of periodic and strange attractors, from a measure theoretic point of view. Corresponding results, as well as other aspects, for vector elds with saddle-focus homoclinic orbits form the contents of a work in progress with Sergey Gonchenko and Oleg Sten'kin. The study of in nite-modal maps proves to be of great importance in understanding the mechanisms of chaotic dynamics in the vector elds.
In nite modal maps
Let us provide an argument that explains, on a heuristic level, why in nitemodal maps appear in the study of saddle-focus homoclinic orbits. For convenience we will assume that coordinates near p can be chosen in which X is linear. Let be a cross section near p, transverse to ?. Take cylindrical coordinates ( ; z) on , such that ? intersects in the point (0; 0) and fz = 0g lies on the local stable manifold of p. A straightforward computation yields the following expression for the Poincar e return map = (F; G) on : 
where a = q 2 3 + 2 4 and = arctan 4 = 3 (see gure 1). The map g determines to a large extent the dynamics of . We will not further discuss the relation between the dynamics of and g, and restrict to a discussion of aspects of the dynamics of g.
Periodic and strange attractors
We consider families of maps fg g depending on a parameter from an interval I around 0, with each g of the form (1). This corresponds to a family fX g of vector elds, for which each single vector eld X is in X and thus possesses a homoclinic orbit.
Theorem 3.1 Let fg g, 2 I, be a generic one parameter family of maps as above. Let U n = (0; u n ) be a decreasing sequence of intervals with u n ! 0. Let P 2;n be the set of parameter values in I for which fg g possesses an attracting 2-periodic point in U n . Then for each large enough n, P 2;n is open and dense in I, but lim n!1 jP 2;n j ! 0 (here j j denotes Lebesgue measure). The set of parameter values in P 2;n for which g has in nitely many 2-periodic attractors is dense in I, but has zero measure. Let A 2;n be the set of parameter values in I for which fg g possesses a strange attractor in U n , consisting of two disjoint intervals. Then for each large enough n, A 2;n has positive measure and is dense in I, but lim n!1 jA 2;n j ! 0.
graph g Figure 1 : The function g, given by (1), is an in nite modal map. Indicated is an attracting 2-periodic orbit. In the rest of the section, we give (partly sketch) the proof of the above theorem. We will suppose that Around each z n , there is an interval I n on which g is positive. Compute g (z n )=z j z n =z j c n?j :
(2) Take = j=n for large positive integers j and n with j=n 2 J. By (2), at = j=n, one has g (z n )=z j 1. One checks that
Hence, g (z n ) moves with positive speed through I j . It follows from this and (2) that there exists precisely two parameter values j;n , j;n in an interval of length 1=n around j=n, so that g (z n ) 2 I j and g 2 (z n ) = z n at = j;n ; j;n . In particular, this reasoning shows the open and dense occurrence of attracting 2-periodic orbits for fg g in J.
In the next step in the proof of theorem 3.1, we estimate the length of the interval around j;n , j;n at whose parameter values g has an attracting 2-periodic orbit. By bounding the total length of all such intervals for varying j; n, we prove the statements in theorem 3.1 on 2-periodic attractors. In fact, in the following lemma we provide rescalings to almost quadratic maps, which allows for the conclusions on strange attractors as well (applying Jak81]). We state the lemma for parameter values near j;n , similar statements hold near j;n Lemma 3.2 For all positive integers j; n with j=n 2 J and with n large enough, there exists an interval J j;n 3 j;n , so that g , 2 J j;n , has the following property. There are a ne rescalings j;n : ?2; 2] ! U j;n to some U j;n 3 z n and : 0; 3] ! J j;n of the parameter, so that From the estimates used to prove the above lemma, one gets jJ j=n j < z n ; for some > 0. To complete the proof of the theorem, we bound the total size in parameter space, for which fg g possesses a rescaling to a small perturbation of the quadratic family fQ a g. Recall that z n c n for some c < 1. To complete the prove of theorem 3.1, we must show that the rescalings of the above lemma yields all the existing periodic attractors and strange attractors of the type in the statement of theorem 3.1. This follows from the following easily established claim: For intervals S j and S n on which G is positive, the maximal invariant set of g restricted to S j S n is hyperbolic for outside J j;n .
The bounds (4) combined with the Borel-Cantelli lemma also provides an argument to show that in nitely many coexisting 2-periodic attractors occur only for a set of parameter values of measure 0. Indeed, let I i be an enumeration of the intervals in the parameter interval J, for which an attracting 2-periodic attractor exists. The set of parameter values in J for which there are in nitely many coexisting 2-periodic attractors, is contained in i M I i , for each M. By (4), this set has arbitrarily small measure for large enough M. See also TedYor86].
